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ABSTRACT
This paper, which is one of a series of four, contributes to the proof of the
following
THEOREM. A finite group admitting a coprime fixed-point-free automorphism o
of order rst (r, s and t distinct primes) is soluble.
Here we prove that in a minimal counterexample to the above theorem the set
of a-invariant Sylow p-subgroups P, such that C.(a)#1 for all a'#1,
generate a soluble subgroup.

10. Introduction

This paper is the third in a four-part series, whose aim is the proof of
[Theorem 1.1; 3]. Our section numbering continues that of [3] and [4]. We recall
from section 3 that L0=(P|P a-invariant Sylow subgroup of G of type
¥ ={1,2,3}). As stated in section 1, Part III is concerned with proving, under the
assumption that (G, (a)) satisfies Hypothesis III, the following result.

THEOREM 10.1. L, is an a-invariant soluble subgroup of G.

By (2.4) this is equivalent to showing that every pair of a-invariant Sylow
subgroups of G of type ¥ permute. Hence the proof of Theorem 10.1 amounts
to showing that the existence of «-invariant Sylow subgroups of n-p type I, 11,
III, or IV in G leads to contradictory situations (for the definition of n-p type
see [Definition 7.11; 4]).

In the remainder of this section we collect together certain observations
concerning a-invariant Sylow subgroups of various n-p types. In section 11, 12
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and 13 we examine, respectively, the cases when & possesses only a-invariant
Sylow subgroups of n-p types I, II and V; only types I1I, IV and V; and finally,
all possible n-p types.

We continue to denote the a-invariant Sylow 2-subgroup of G by T. During
this section P and Q will denote (respectively) a-invariant Sylow p- and
g-subgroups of G of type V.

Lemma 10.2. Let Q be of n-p type IL. Then Q cannot, additionally, be of n-p
type I, IIl or 1V.

Proor. Let P be an a-invariant Sylow p-subgroup of G of n-p type I with
respect to Q. So MM(p,q) ={P, No,(Q)Q}. By Lemma 7.9, without loss of
generality, Z(P)= Z(P).. = Nx(Q), and so Q,, =1. If, furthermore, Q was
either of n-p type 1 or n-p type III, then, from Lemmas 7.9 and 7.10,
Z(Q)= Q. where i, j EV, i # j. But then [Z(Q), N»(Q)] = 1 by (2.3)(xi) which
contravenes the form of M(p, q). Hence, we infer, Q cannot be of n-p type I or
II. If Q were additionally of n-p type IV, then, by Lemma 7.10, Q* = Q,, some
i €V. Since Q,, =1, this implies a; = p, against Lemma 7.9(e). This finishes the
proof of the lemma.

Lemma 10.3. Suppose P is of n-p type I with respect to Q. Let M be a
non-trivial a -invariant nilpotent Hall p-subgroup of G with (u,p) = (1, q) = 1. If
PM = MP and QM = MQ, then

(i) O,(PM)= Coumm(M)O,(PM)N Ne(Q)); and

(ii) either No(M,)=1 for all non-trivial a-invariant subgroups M, of M or
O,(PM)= Np(Q) and p =2.

Proor. From Lemma 7.9 p, q) = {P, N.(Q)Q} with P* = Np(Q).

(i) From Lemma 5.8(d) (i) holds provided Q(PM)# G. So we may suppose
Q(PM)=G. Now O,(QOM)™* = 0,(OM)’ = PM# G and Hypothesis III
forces Q,(QM)=1. Hence M = Ny (J(Q))Cu(Z(Q)) by (2.6). Clearly N:x(Q)
permutes with both Ny (J(Q)) and Nu(Z(Q)) and consequently Nx(Q) per-
mutes with (Ny(J(Q)), Nu(Z(Q))) = M. Using (2.14)(ii) now yields the desired
conclusion.

(ii) If No(M,)# 1 for some non-trivial a-invariant subgroup M; of M, then (i)
implies, because of the shape of (p, q), that O,(PM) = N(Q). Hence we also
have p = 2. For otherwise, by Corollary 4.5, P = O,(PM)P* = Nx(Q), contrary
to PQ# QP. This verifies (ii).

LemMmA 10.4. Suppose P is of n-p type I with respect to Q. If W is an
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a-invariant Sylow w-subgroup of G of type ¥, p#w and PW = WP, then
WO = QW, O,(PW)=N;(Q) and p =2.

PrOOF. By Lemmas 3.14 and 10.3(ii) it suffices to show that WQ = QW.
Suppose WQ # QW and argue for a contradiction. Combining Lemmas 7.8 and
10.2 we see that W must be of n-p type I with respect to Q. Thus IM(p, q) =
{P,N-(Q)Q} and P(w,q)={W,Nw(Q)Q} with P*=Ny(Q) and W*=
Nw(Q). We may suppose that (say) 2 # w. Using (2.14)(ii) and Corollary 4.5 we
may deduce that W = Cw (N> (Q))Nw (Q). But then the shape of I(w, q) and
Lemma 3.14 force W = N, (Q), which is the required contradiction.

LemMa 10.5. Suppose T (the o-invariant Sylow 2-subgroup of G) is of type
V. If Tis of n-p type III with respect to P, then P cannot also be of n-p type L

PrOOF. We shall show that P being of n-p type I leads to a contradiction. Set
M2, p) ={TY, XP}. Without loss of generality we may suppose that T, =< X and
P,, P, =Y. Hence, from Lemma 7.10, Y =P, = P*# P, and Z(T)= Z(T).. =
X.

Suppose P is of n-p type I with respect to (say) Q. Thus P* = N,(Q) and
M(p, q) ={P, Np(Q)0O}. Clearly T# Q.

First we consider the possibility that TQ# QT. Since Q is of n-p type II, Q
cannot be of n-p type I, Ill or IV by Lemma 10.2. In particular, T must be of n-p
type I with respect to Q, and so P*, T* = Ng(Q). But then one of P* =Y and
T* =X must hold which is impossible. Therefore we have TQ = QT. Since
P*ZY,Nr(J(Q)), Cr(Z(Q))= X and so T = OTQ)X by (2.6). Suppose that
(OATQ)), =1. Thus, using (2.11), [O(TOQ),[Q,p]]=1. By Lemma 7.9(f)
[Q,p]#1 and so, employing (2.3)(viii),

OATQ), P, = (Nc([Q, pD)e)-
Since O(TQ)Z X and P, = P*£ Y, we conclude that (O,(TQ)),# 1. Hence,
by Lemma 7.10(c), Z(OA(TQ))=X. Set Z(O(TQ))=Z. Note that Z# 1.
Applying Lemma 5.1(a) (since P, P,=Y) yields P= YCy([Z, o7]). Since
neither P =Y nor O(TQ) = X is permissible, Z = Z,,. Consequently [Z, Q] =
1 by (2.3)(xi). Considering (Ng(Q))p,y We see that Z normalizes O,(PX)N
N:(Q) (2 (0, (PX))*). So, by (2.14)(ii),

O,(PX) = CO,,<PX)(Z)(Op (PX) N Np(Q)).

Because OTQ)ZX, G(Z)=Y =P, =N:(Q), and so, using (2.20), P =
YO,(PX) = Np(Q), whereas PQ# QP. This is the desired contradiction, so
completing the proof.
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In Lemmas 10.6 and 10.7 we assume P to be of n-p type 1 with respect to Q,
and, by Lemma 7.9, may suppose Z(P)= P,. and (hence) Q.. = 1.

LEmMMA 10.6. (i) P permutes with £,.

(ii) Q permutes with L.

(i) Lo=Li;=1.

(iv) Q permutes with at least one of L, and L.

(v) If LiP = PL; and L,Q = QL; where i =2 or 3, then L, =1.
(vi) If Lys #1, then PLy; # LyP.

ProofF. (i) From Lemma 3.13(iii) [P.., &1} = 1. Hence P, &\ = Cs(Z(P)), so
giving P%, = %\P.

(i) Since [Q,,Lxs]=1 by Lemma 3.6(iii), Po(Ls)# 1. Hence, because
Po(L2)L,; admits o7 fixed-point-freely, QL,; = L,;Q by (2.8) and (2.21)(v).

(iii) We show that L,,=1; a similar argument gives L5 = 1. First we demon-
strate that QL,> = L,,Q. Suppose QL,, # L,>Q. By Lemma 3.6(iii) [Q,, L.;] = 1.
Thus Z(Q)= Po(L2) and so Z(Q)=Q, by Lemma 5.1(b). Lemma 7.9(e)
forbids such a situation, and so QL,, = L,;Q. Since [Q,, L] =1, O.5(PLu)=1
because of the shape of IM(p,q). Observe, as Z(P)= Z(PL.;;) and Z(P)=
Np(Q), that G# Q(PL+,), and therefore p =2 by Lemma 5.8(e)(ii). Employing
Corollary 4.5 (for PL.;) gives L,= G,, which, by (2.8) and Lemma 6.1, is
contrary to (G, {a)) satisfying Hypothesis III unless L, =1.

(iv) Since o7 acts fixed-point-freely upon a-invariant {q U 7, U ms}-
subgroups of G, [L,, Q,] =[Ls, Q,] =1 by Lemma 3.6(ii). Therefore L,Q# QL.
and L;Q# QL; would give Z(Q) = Q,, by Lemma 5.1(b), contrary to Q,, =1.
Hence (iv) holds.

(v) Suppose L;#1 and take i =2. Then, since [L,, Q,] =1, P = Np(Q) by
(2.7), the form of M(p, q) and Lemma 10.3(ii). Therefore L,=1.

(vi) This may be established by arguing as in (iii).

Lemma 10.7. If L,Q# QL,, then
(i) 2€ my; and
@ii) LT =N,(0).

Proor. We first demonstrate that LT=N;(Q) pertains. Assume
L% Z N,,(Q). Thus, without loss of generality, L, Z %;,(Q). Note that Z(Q)=
P, (L,) is untenable here. For Z(Q)= $o(L,) implies Z(Q) = Q, contrary to
Lemma 7.9(e). Thus O,(Q,L.,) = 1. Hence Z(Q,) = Q, by (2.13)(iii) which gives
the untenable {Z(Q,), P,] =1 (by (2.3)(xi)). Therefore LT = N;,(Q). Combining
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(2.14)(ii) and Lemma 3.14 with the fact that Po(L:)=1 yields O, (PL\)=1 (P
and L, permute by Lemma 10.6(i)). Consequently 2 € a, by Corollary 4.5.

For Lemmas 10.8 and 10.9 we assume T is of type ¥ and of n-p type III with
respect to Q. Set M(2,q)={TY, QX}, and suppose T, =X and Q,, Q. =Y
pertains.

Lemma 108. (i) T# =% T.

(ii) Q permutes with L, Lz and La.

(iii) L,=Lis=1.

(iv) Q permutes with at least one of L, and L.
(v) If Ls #1, then LyyT# TLys.

PrOOE. (i) From Lemma 7.10(d) Z(T)= T, and so (Co(Z(T)))eryZ T, £
by Lemma 3.13(iii). So (i) holds.

(i) Since Q,, =1 (by Lemma 7.10), (Las){sm=1 and 1# Q, = Co(L»)=
Po (L), (2.8) and (2.21)(v) yields QL2 = L 0.

Next we show that QL,» = L,,Q. Suppose that QL,, # L,,Q, and argue for a
contradiction. Now 1# Q, = Co(Ly,) (by Lemma 3.13(iii)) and (w2, q) =
{Q, Li2No(L,)} with, since q# 2, No(L12) = Co(L2)(No(L12)), by (2.11). Since
L»#1 and (G, {(«)) satisfies Hypothesis 111, combining (2.8) and Lemma 6.1, we
have L, # (L:2). = (L2)*. From (i) we have TL,, = L,.T. Therefore Corollary
45 dictates that O, (TL;) # 1 (clearly 2 & ;). Considering

(N6 (O (TL )y Z Co(L12), T

we obtain Co(Li)=E Y=Q, So No(Li2)= Co(Li2)(No(L12)), = Q,. Since
Co(No(L1)) = No(L1,), (2.3)(xii) forces Q = Q, which contradicts Lemma
7.10(b).

Therefore we conclude that L,Q = QL,,. That L;Q = QL; follows by
similar reasoning.

(iii) Suppose L,,#1. By Lemma 6.1 L,# L. From parts (i) and (ii)
TL,=L;T and QL;=L-Q. Thus O, (TL.;)# 1 by Corollary 4.5 and hence
T(L..Q)# G. Now Lemma 5.8(f) (since Q, =Y and Ly, =1) predicts that
either O, (TL;)=1 or q =2. Since neither possibility holds, we have a
contradiction. Therefore L, = 1; again similar arguing yields L= 1.

For parts (iv) and (v) see Lemma 10.6(iv) and (v).

LEMMA 10.9. If TL;# L:T where i =2 or 3, then L,Q = QL.

ProoF. Suppose the lemma is false and argue for a contradiction. Without
loss of generality set § =2.
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Since Q,. =1=(L2).. and [L., Q,]=1, Lemma 3.6(ii) implies [L,, Q,] =1.
Hence M(m2, q) = {LNo(L>), Q} by Lemma 5.3 and (2.19). So Q,, Q. = No(L,)
whence Q* = No(L»).

Since, by hypothesis, L,T# TL, recourse to Corollary 7.4 yields the four
following possible situations.

() Lt=P(T);

(i) T. =Pr(L:) and L,, = P (T);

(i) T, = P+(L,) and L, = P (T); and

(iv) Tt = Pr(Lo).

We consider each case in turn.

(i) Here (see Lemma 7.5) ?.(T) = Np(T). From Lemma 7.10 Z(T) = T,. and
consequently [Z(T), No(T)]|=1 by (2.3)(xi). This produces the impossible
1£AZ(T)= P+(L,) = 1.

(i) Now Z(T)= T, =T, = Pr(L.). Hence, as L, = %, (T), appealing to
Lemma 5.1(a) gives L. = P, (T)C,(Z(T)) whence L, = P, (T), a contradiction.

(iii) Since Q* = No(L,) and Q* £ Y, we have, with the aid of (2.7),

Pr(Ly) = (Pr(L>) N X)OxP+(L2)L>).

We consider two cases depending on whether Oy(Pr(L.)L;) is trivial or
non-trivial. First suppose O(Pr(L.)L;)=1. Then Pr(L;)=X. Clearly
L(XQ)#G and so Pxo(L:)= Px(L2)Po(Lz)= Pr(L:)No(L:). Now Q*=
No(L,) and, by Lemma 7.7(b), Z(T)= P+(L.). Therefore, using (2.14)(ii), we
have

0,(0X) = (0,(0X)N No (LZ))CO.,(OX)(Z (T)
= No(Ly),

since Co(Z(T))= Y =0, =No(L,). But then Q =Q*0,(0QX)=No(L), a
contradiction.
So now we consider the possibility Ox(?r(L,)L.) # 1. Hence (see (2.21)(ii))

Z = Z( 02( T.J/)LZ( T))) = CT ( OZ(@T(LZ)Lz)) = g)—,- (Lz)

Because L, =1, by (2.12), {Z o] centralizes O,(Pr(L:)L;). Neither
OATP.(T))= Pr(L;) nor O,(Pr(L:)L,)= P.(T) can hold and so Z=T..
Applying (2.3)(xi) we obtain [Z, ?,,(T)]= 1. Therefore Z = Nr(L,) by (2.20). By
considering (Ng(L2))eqr and imitating the arguments for the case
O Pr(L,)L;) =1 with Z in place of Z(T) we obtain the contradiction Q =
No(L2).
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(iv) Since Z(T)= T,. = T, = Pr(L>), this case may be dealt with as in (iii).
Thus we have shown that L,T# TL; (i =2 or 3) implies that L,Q = QL.

11. «-Invariant Sylow subgroups of n-p type I and II
We introduce the following hypothesis.

HyroTHESIS 11.1. G possesses «-invariant Sylow subgroups of n-p type 1
and II but none of n-p type III and IV.

THEOREM 11.2. Hypothesis 11.1 is incompatible with Hypothesis III.

We present the proof of Theorem 11.2 in a series of lemmas. The incompati-
bility of the two hypotheses will follow from a particular factorization of G. The
road to this factorization will be paved by Lemmas 11.3 to 11.6, during which we
assume P and Q to be a-invariant Sylow subgroups of type ¥ with P of n-p
type I with respect to Q. Also we assume Z(P)= P,. holds; hence Q,. =1.

LemMma 11.3. Suppose PL; = L;P for some i €V, and let W be an a-invariant
Sylow w-subgroup of type ¥ which permutes with P. Then WL; = L,W.

ProofF. Supposing WL, # LW we shall deduce a contradiction. Thus p# w.
From Lemma 10.4 we have WQ = QW, O,(PW)= N;(Q) and p =2.

If L* = N, (W) were to hold, then, since 2 & m,, Lemmas 5.8(e)(ii) and 7.5(a)
imply that Nw(J) =1 for all non-trivial «-invariant subgroups J of P. But this is
contrary to Lemma 3.14, and therefore L% £ N, (W).

Now suppose i = 1. Consequently, since p =2, W¥,.,, = Nw(L,) by Corollary
7.4 and Lemma 7.6. Moreover, from Lemma 10.7 we also have QL,=L,0.
Since Q,, =1, applying Lemma 5.8(f) to Q, L, and W (note (QW)L, # G) yields
that O,(QL,)=1. Hence Q = Q, by (2.13)(1). Lemma 7.9(f) forbids such a
situation, and so we have verified the lemma when i = 1.

We now consider the case i =2. Since L% Z N, (W), Wi, =Pw(L,)=
Nw(L;) by Corollary 7.4. By Lemma 3.7, because all a-invariant {g U m,}-
subgroups of G admit or fixed-point-freely, [L,, Q.] = 1. Then the shape of
M(p, q) dictates that Np(J)= Np(Q) for all non-trivial a-invariant subgroups J
of L,. Hence, by (2.7), P = O,(PL;)N:(Q), and therefore O,(PL,)Z N»(Q).
Employing (2.14)(ii) and (2.26) gives

O,(PL) = CO,,(PLQ)(Q)IA.(Q))(Op (PL;) N Np(Q)).

Consequently 2?.,(Q)=1, and so, in particular, QL,# L,Q. Therefore, by
Corollary 74, Q%,,= Po(L;) = No(L>).
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It is asserted that either Q. = Q, or O, (WQ)= Nw(L,) holds. Clearly No(L,)
and Ny (L:) permute and so (since W, = Nw(L,) and g#2)

0. (WQ) = Co,wo)([No(L2), p])(O. (WQ)N Ny (L))

by (2.14)(i). Recalling that Q, = Co(L.) yields the assertion. By Lemma 7.9(e)
Q. = Q, cannot occur. Thus O, (WQ) = Nw(L.) which implies, by Corollary 4.5
and Lemmas 4.6 and 7.6(d), that W = W,. Hence P = O,(PW)P, by (2.3)(ix),
and thus P = O,(PW)P, = Np(Q)P* = Nx(Q), which is untenable. This con-
tradiction shows that WL, =L, W.

The case i =3 may be established by arguments analogous to those used for
i =2. The lemma now follows.

LemMA 11.4. Suppose L; permutes with P, wherei =2, 0or 3. Then L;L, = L,L..

PROOF. As usual we suppose the lemma is false, and argue for a contradic-
tion. Without loss of generality we may set i = 2. Using Lemma 3.7 we have that
[L,, O.]=1. Hence, because of the shape of M(p, q),

(11.1) O.(PL))=1.

Using (2.7), (2.14)(i1) and (2.26) (as in the proof of Lemma 11.5) gives
P = Cp (P (Q))Nr(Q), whence (using (2.20))

(112)  OL.#L,0, Tq, m)={No(L:)L,,Q} and OQ%,,= No(L,).

If QL,# L,Q, then, since L,L,# L,L, by hypothesis, Theorem 8.1 implies
QL, = L,Q, which is contrary to (11.2). Therefore

(113) QLI = LlQ.

By Lemma 5.1(b) . (L,)NZ(L,)= L,,. Therefore, if L, = %, (L:) holds,
then Z(L,)* = Z(L),. Combining (11.1) and Corollary 4.5 then gives Z(L,)=
Z(L,),. Since Co(L2)#1, Z(Q)= No(L.) and so, by (2.3)(x) and the shape of
Mg, m2), Z(Q)= Q,. This is against Lemma 7.9(e), and thus L, Z P, (L,).
Hence L, = 2. (L,).

Since Q, = No(L.) and L,, =1, (2.14)(ii) and (2.25) give

O,(OL\) = Co o AP ALIN O, ( QL) N No(L>)).
(114)  Either O,(QL)=No(Ls) or Co(Pu(L)#1= CufLy).

If Co(?.(L))=1, then clearly O,(QL,)= No(L,). Since L, = P.(L>),
C.(Li,)#1 and the shape of (g, 7,) would force O,(QL.)= No(L>).
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Suppose O,(QL,)= Ny (L:) holds. Then g =2 for otherwise, using (2.13)(i),
O = 0,(0OL))Q, = Ny(L.). Since p# 2 and, by Lemma 10.6, PL, = L, P, Lemma
10.3(ii) implies that No(J) =1 for all non-trivial a-invariant subgroups J of L,.
Hence, using Corollary 4.5 on both QL, and Q,L,, we have L,=LY=1L,,
which contradicts L,, = %, (L.) # L,. Consequently O,(QL,)Z No(L»).

So, from (11.4), Co(#.(L:))#1 and hence, by Lemma 10.3(ii), p =2.
Consequently L, is star-covered by (11.1) and Corollary 4.5, and 2. (L,)=
N.(L.) by Lemma 5.7. Hence, by (2.3)(xi) and (11.4), L./®(L.)=L,=
(L2),(L2), = CeLi (L), =(L.),. Thus L.=L,. Since Z(Q)= No(L.) and
L. =1, we now obtain Z(Q)= Z(Q).. by (2.3)(x).

This contradictory state of affairs concludes the proof of Lemma 11.4,

LemMA 11.5. If PL.# L.P where i =2, or 3, then QL; = L.Q.

Proor. Deny the result and, without loss of generality, suppose i =2. Thus
PL,# L,P and QL,# L;Q. Observe that L% = % (P) is impossible. For L% =
P.(P) implies that M(p, ) = {N.,(P)P, L.} by Lemma 7.5 whereas Z(P)= P,.
gives, using (2.3)(xi), that Z(P)= Gp (N (P)) = Pr(L>).

We now show that Z(P)= P»(L;). If P, = P»(L,), then clearly we have
Z(P)= P:(L>). So, since L% Z ?,,(P), we may assume P, = Pp(L;) and L, =
P.(P) in which case Z(P)= P»(L.) by Lemma 7.7(b).

Since O,(L.%»(L,))#1 and, by Lemma 3.7, [L;, Q.] =1, by considering
(N6 (O, (L:Pp(L2)))ip.qy together with the form of M(p, g) we obtain Pp(L,)=
Np(Q). If Q, = Po(L>), then, since Z(P), =1and Po(P)=1= Po(L.), Lemma
5.10(c) (with L = P, M = Q and N = L,) predicts that #,(Q) N Z(P) =1 where
Z=%P(L). However Z(P)=P(L.)=Np(Q) and so 1#£Z(P)=
?2(Q)N Z(P). Hence we must have L., = #(Q). Since 1 # L, = %:(Q) and
1# Q. = Co(L>), q =2 by Lemma 5.3. Hence, by Corollary 7.4 and Lemmas 7.5
and 7.6, 2.,(Q) = N.(Q), P+(L2) = Np(L,) and P, (P) = L, . Therefore Z(P)=
Np(Lz) = Np(L2) N Np(Q) = Pruoi(L2). Since P (P)=L,, =P, (Q), Lemma
5.10(c) (with L = P, M =L, and N = Q) again gives a contradiction.

This completes the proof of Lemma 11.5.

Lemma 11.6. If Q, and Q, are a-invariant Sylow subgroups of G both of n-p
type II with respect to P, then Q,Q;= Q0.

Proor. If Q:Q:# Q.Q,, then by Hypothesis 11.1 one of O, and Q. must be
of n-p type I, contrary to Lemma 10.2. Thus Q,0,= Q,0Q,.

For P an a-invariant Sylow p-subgroup of G of type ¥ we introduce the
following notation:
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Hyp)=(W [ W is an a-invariant Sylow subgroup of type ¥ and WP = PW),
Ko(p)=(W I W is an a-invariant Sylow subgroup of type ¥ and WP # PW).

Also we set 7w (Hy(p)) = mo(p).

Lemma 11.7.  If Hy(p) is not an «.-invariant soluble Hall 1ro(p)-subgroup of G,
then

(i) p=2; and

(ii) there exists an «-invariant Sylow w-subgroup of G of n-p type I with w #2.

PrROOF. By (2.4) there must exist a-invariant Sylow u- and v-subgroups U
and V (respectively) both of type ¥ with UV # VU, UP = PU and VP = PV.
Note that U# P# V. We may suppose that U is of n-p type I with respect to V.
So U* = Py(V)= Nuy(V).

Suppose p# 2. Then Lemma 5.8(f) implies that O,(PV) = 1. Hence P = P* by
Theorem 4.4, contrary to P being of n-p type I. Thus p =2, so giving (i). Taking
W = U yields (ii).

CoRroOLLARY 11.8. There exists an a-invariant Sylow p-subgroup P of G of
type ¥ such that Hy(p) is a soluble a-invariant Hall 7(p)-subgroup of G.

Proor. By Hypothesis 11.1 there exists at least one «-invariant Sylow
p-subgroup, P, of n-p type L. If Ho(p) is not a soluble Hall my(p)-subgroup of G
then, by Lemma 11.7(ii), there exists an a-invariant Sylow w-subgroup of G of
n-p type I with w# 2 and so, by Lemma 11.7(i), Hy(w) is an a-invariant soluble
Hall 7o(w )-subgroup of G. The corollary now follows.

We are now in a position to factorize G. For the remainder of this section P
will denote an a-invariant Sylow p-subgroup of G of type ¥ such that Hy(p) is a
soluble Hall subgroup of G. Further, H will denote the subgroup of G generated
by Ho(p) and those of {L;, Ly | i, j, k € ¥} which permute with P. Let K denote
the subgroup of G generated by Ko(p) and those of {L:, L; , i, j, k € ¥} which do
not permute with P. For Hy(p) and Ko(p) we will now write (respectively) H; and
K.

LemMa 11.9. G = HK with H and K a-invariant soluble Hall subgroups of G.

Proor. From Lemma 10.6 we recall that L., =L, =1, that PL, = L,P and
that, if Ly; # 1, PLys # Loy P. Thus, if Ly # 1, then L,; = K. By Lemma 10.6(ii) L»s
permutes with K. From Lemma 11.6 and (2.4) K, is a soluble Hall subgroup of
G, and, using (2.4), (2.5) and Lemma 11.3, Hy,L,= LH, is a soluble Hall
subgroup of G.
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Suppose both L, and L, do not permute with P. Then L,L,= L;L, by
Theorem 8.1. Further (2.4), (2.5) and Lemma 11.5 yield that L,K, = K,L. and
L;K, = KyL; are soluble Hall subgroups of G. Since [L., Ly;] = [Ls, L.;] = 1, we
have G = HK with H and K «-invariant soluble Hall subgroups of G.

Now suppose that (say) L. permutes with P but L; does not permute with P.
Using Lemmas 11.3 and 11.4 we may infer that L,L.H, is a soluble Hall
subgroup of G. From Lemma 11.5 we also have that L;K, is a soluble Hall
subgroup of G. Therefore, in this situation, the lemma holds.

Now we consider the case when both L, and L; permute with P. Then, by
Lemma 10.6(iv) and (v), one of L, and L; must be trivial, and so Lemmas 11.3,
11.4 and 11.5 give the desired factorization.

This exhausts all the possibilities, and so Lemma 11.9 is verified.

The next two lemmas will be used to show that the factorization obtained in
Lemma 11.9 contradicts Hypothesis III. In these two lemmas O denotes a
(non-trivial) a-invariant Sylow g-subgroup of K.

Lemma 11.10. (i) Suppose PL;# L,P (where i =2 or 3) and q#2. Then
EIR(p, 7T,‘) = {P, Np (L,)L,}
(ii) If PL23 ;é L23P and q?é 2, then EIR(p, 7723) = {P, NP(L23)L23}.

ProOOF. (i) In view of (2.20) it will be sufficient to show that #, (P)=Y =1.
Suppose Y# 1, and argue for a contradiction. By Lemma 5.1(d) and (2.21)(vi)
P, #Z Pp(L:). Consequently, as P* = N,(Q), N:(Q)Z P»(L:;). From Lemma
11.5 QL; = L:Q and hence, employing (2.6) upon QL;, we have L; = YO, (L:Q).
Since q#2, [|Q, &}, O.,(L:Q)] =1 by (2.11). From Lemma 7.9(f) Q# Q., and
therefore, using (2.3)(viil), we obtain

(Ns([Q, @i D)pumy Z Pa, O, (L:Q).

This is the required contradiction as P, Z %»(L:) and O, (LQ)Z Y.
(i)) This may be established by a similar argument.

LemMMA 11.11. Suppose PL;# L.P where i =2 or 3 and Z(J(P))= N#(Q).
Then either

() ZJ(P))= Ne(Li); or

(ii) ¢ =2 and Z(Q)= Q..

Proor. Without loss of generality we set i =3. Suppose Z(J(P))Z Ny(L>)

and q#2. Hence, by Lemma 11.10, M(p, ms) = {P, No(L;)Ls} and so P%,,=
NP(L;;).
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If (say) Z(J(P)), # (Z(J(P)),)(,m, then, by (2.9) and (2.3)(i),
L[ ZJT(P))or p), 7]1= O, (P.L:,) N Z(J(P)).
Since L;, <P,L,, we then have
(N (O, (P.L: )N Z(J(P))kpuma = Z(J(P)), Ls,.

The shape of M(p, 7;) then forces Z(J(P)) = Np(L,), contrary to  the present
supposition. Therefore Z(J(P)), = (Z(J(P)).){,»- Similar argument also yields
ZUP)), = (ZUP)), Yo

By Lemma 3.13(iii) [P, L:]=1 and so (Z(J(P))),, =1. Consequently
ZJ(P)), =(Z(J(P)).. and Z(J(P)), =(Z(J(P))),~. Hence (Z(J(P)))* =
Z(J(P)).. Next we demonstrate that Z(J(P))= P.. By (2.3)(i), (Z(J(P)), T]* =
1. Since Z(J(P))= N»(Q), (2.9) yields [Z(J(P)), 7]= O, (Nx(Q)0Q) = C:(Q).
Now [Ls, Q,] = 1 and consideration of (Ng(Q, ));pun, implies that [Z(J(P)), 7] =
Np(Ls). A further application of (2.9), this time to LyNp(L-), gives

[Z(J(P)), 7] = O, (Ne(L3)Ls) = Cp(L>).

Therefore, if [Z(J(P)),7]#1 it would then follow that Z(J(P))= Ni(L:).
Hence Z(J(P))=P..

Since Z(J(P)) = Ny(Q), clearly N»(Q)Z N»(L;). Hence, using (2.6) (L, and
Q permute by Lemma 11.5) and the shape of M(p, ), L; < L;Q. By (2.11),
[L;,[Q,7]] =1. From Lemma 7.9(f) [Q, 7] # 1 and so (using (2.3)(viii))

(NG ([ O’ T]))(PU‘"J) = L3’ PT’

whence Z(J(P))= P, =Ns(L;)  whereas Z(J(P))Z Np(Ls). Thus
Z(J(P))Z Np(L) implies that q = 2.

Arguing as in the previous paragraph, and using (2.12) instead of (2.11), it may
be' shown that Z(J(P))Z Nr(L;) also implies Z(Q)= Q.. This proves the
lemma.

ProoF OF THEOREM 11.2. Suppose (G, (a)) satisfies Hypotheses III and 11.1.
By Lemma 11.9 G = HK. First we show that

(11.5) Z(P)= No(K).

For any (non-trivial) a-invariant Sylow subgroup Q of Ky, Z(P)}(= Z(P)..) =
Np(Q). Thus Z(P)= Ny(K,). Suppose we have PL,# L,P. Now Z(P)=P..
rules out the possibility L% = N,,(P) and so, by Lemmas 7.6(iv) and 7.7(g),
Z(P)= Np(L>). Similar considerations apply if PL;# L;P. If PL,; # L»P, then
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(as Cp (L) # 1) Z(P)= Np(Ly) by Lemmas 7.1 and 11.10. Thus, whatever the
form of K, Z(P)= N, (K).
Next we claim that

ZJ(P)), =(ZJ(P)), ) (o, ZU(P))s = (Z(J(P))s)(pr2s
ZJ(P)), =(Z(J(P)),)t.yand O, (H) # 1 cannot hold.

Since Or(H)#1, R=Z(P)NO,(H)#1. Applying Lemma 6.3 to
Z(J(P)YNu(J(P))), and using (2.6) on H gives R = Z(H). Then 1#R° =
R™ = R¥ = Ns(K) by (11.1). This verifies (11.6).

Now suppose p# 2. Since P is of n-p type 1, P is not star-covered and thus
O,(H)#1 by Theorem 4.4. By (11.6) we may suppose that (say)
ZJ(P), #(Z(J(P)),)&. Consequently, by (2.3)()) and (2.9), Z{J(P)N
0,(P,Q,)# 1 where Q is any non-trivial «-invariant Sylow g-subgroup of K.
Hence the shape of M(p, q) forces Z(J(P)) = N:(Q), and so Z(J(P)) = N»(Ko).
We claim that Z(J(P))= Ny(K). Since p#2, Hy=P by Lemma 104. If
H = PL,, then, as [P.., L] =1, Z(P)= Z(H) which, by (11.5), implies that G
does not satisfy Hypothesis I11. So we may suppose that PL,= L,P and L, # 1.

Observe, if P permutes with both L, and L;, then K = K,L,, and hence, using
Lemma 7.1 and the fact that [K,, L.} = 1, we have Z(J(P))= Np(K). Thus, in
order to show that Z(J(P)) = Np(K), we must deal with the situation PL, = L,P,
L,#1and PL; # L;P and deduce that Z(J(P))= N»(L;). Let O be a non-trivial
a-invariant Sylow subgroup of K,. If Z(J(P))#Z Nx(L;), then Lemma 11.11
asserts that Z(Q) = Q, which, as [Q,, L,] = 1, implies that QL. = L,Q. But then
L,=1 by Lemma 10.6(v), a contradiction. Therefore Z(J(P))= Ny(K).

Set $ =(Z(P)N O-(H))". Note that S# 1 and that, by (2.6), S = Z(J(P)).
Consequently S =S8" =8§% = N;(K), and so (G,{a)) cannot satisfy
Hypothesis III.

Thus we may assume that the factorization in Lemma 11.9 cannot be achieved
when p# 2. Hence, the set of a-invariant Sylow g-subgroups of G of type ¥,
with ¢ odd, must generate a soluble Hall subgroup of G, namely Ko(H,)». Also,
because of Hypothesis 11.1, we have 2 € 7 (H,).

(11.6)

(11.7) K(Ho)> = (H,):K is a soluble Hall subgroup of G.

Let W and Q be, respectively, a-invariant Sylow w- and q-subgroups of
(Ho)> and Ko. So W permutes with both T and Q and Q is of n-p type II with
respect to T. Suppose L;T# TL; (so L;=K). We show that WL,=L,W.
Assuming WL;# L;W we deduce a contradiction. If L% = N, (W) pertains,
then Lemma 5.8(e)(ii) and the shape of J(w, 7;) contradicts Lemma 3.14. So
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W) = Nw(Ls). Since Q,Z Q, and [Q,, L;] = 1, using Lemma 5.8(b) we obtain
0. (WQ) = Nw(Ls). By Lemmas 4.6 and 7.6(i)(d) this gives W = W,. Employing
(2.3)(ix) and Lemma 10.3 gives the impossible T = O,(TW)T, = N(Q). Hence
WL; = L, W. Similar arguments apply if L,T# TL,.

Suppose Ly T# TLy;. If WLy # Ly W, then W, = Cw(L). Since [Q, Lx] =1
and Q# Q,, similar reasoning (and use of (2.3)(v)) gives W = W, or W, from
which we obtain the contradiction as before.

Thus we have established (11.7).

In view of (G,(a)) satisfying Hypothesis III, O, (K(H,)»)=1. Hence,
employing [Theorem 1; 1], we have Z(J(K))< K(H,).. Since Z(J(K)) ch K it
follows from (11.1) that Z(T)= Ng(Z(J(K))). Because Z(T)=Z(TL)),
H# HoL,. So we may suppose 1 # L, = H. Lemma 10.6(iv) and (v) implies that
H=H,L/,L,. Set H=TL,L,. Since O,(TL,)=1, we have, using (2.6), H =
Na(J(T))Ca(Z(T)). Therefore U = Z(T)" = Z(J(T)), and hence O,(H)# 1.
Thus we may use (11.6) for the factorization G = H(K(H,),) (since
Z(T), K(Hy)» = Ns(Z(J(K)))) to deduce that Z(J(T))= Nr(K,). Then, with
the compliance of Lemma 11.11, we may obtain Z(J(T))= N,(K). This yields
the contradiction

1#£ U° = UIe? = Xt < No (Z(J(K)) # G.

This completes the proof of Theorem 11.2.

12, «-Invariant Sylow subgroups of n-p type III and IV
First we state an appropriate hypothesis.

HypoTHesis 12.1. G possesses a-invariant Sylow subgroups of n-p type 111
and IV but none of n-p type I and II.

The object of this section is the proof of
THEOREM 12.2. Hypothesis 12.1 is incompatible with Hypothesis III.

In section 10 certain elementary deductions were made concerning n-p type
“III-1V interactions”. Before tackling the proof of Theorem 12.2 we continue in
a similar, though more involved, vein. From now until the end of Lemma 12.9 we
assume Hypothesis 12.1 to hold.

Throughout this section Q will denote an a-invariant Sylow g-subgroup of G
of type ¥ which is of n-p type IV with respect to T. We also fix the following
notation: T, = ?-(Q)= X and Q%= Po(T)=Y. We note that, if U is any
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a-invariant Sylow subgroup of type ¥ and n-p type IV (with respect to T), then
T, =Py (U) and U%,.,= Pu(T).

LEMMA 12.3. Suppose W is an a-invariant Sylow w-subgroup of G of type ¥
with w#2. If WT = TW, then LW = WL,.

Proor. We first recall, from Lemma 10.8(i), that L, and T permute. Further,
by Hypothesis 12.1 and Lemma 7.8, Q and W permute.

Supposing that L, W# WL, pertains we shall derive a contradiction. Now
Corollary 7.4 predicts (since 2 Z{q, w}) that either LT =P, (W) or Wi, =
Pw (L))

First we consider the alternative LY = @, (W). So M1, w) = {N (W)W, L.}.
Employing Lemma 5.8(e)(i) (since T permutes with both L, and W, 2 & 7, and
W(TL)) # G) yields that L, = 2, (W)C.(T)= N, (W)C.(T). Because of the
shape of (m,, w) we have Nw (J(T)) = Cw(Z(T))=1. Consequently W s WT
by (2.6). From Lemma 7.5 W,, =1 and hence, since Y = Q%,., and T(QOW) # G,
another application of Lemma 5.8(a)(i) gives Q = YCo(W). But then W < WT
implies that Q =Y, against QT # TQ. Therefore L Z 2, (W).

So Wt.n=Pw(L)=Nw(L). If [0.(TW),a]#1, then (since Q,=Y)
Lemma 5.8(c) dictates that one of O,(OW)=Y and T, = X, must hold. The
former possibility yields that Q = Q*O,(QW)=Q*Y =Q, (since Y=
Q, = O*) whereas Q# Q,. Whilst T, = X forces TQ = QT by Lemma 7.8.
Therefore O, (TW)= W, and, similarly, O, (TW)= W.. So [T, O.(TW)] = 1by
(2.3)(xi). Also, by Theorem 4.4 and Lemma 3.3(vii), W is star-covered. Hence,
from Lemma 7.6, Nw(L,)= W, = W*, and so W = W,. Clearly then we have
W,. =1, O, (WT)=1 and M(7,, w)={W, Nw(L,)L}.

We claim that L,Q# QL,. For suppose L,Q = QL, were to hold, then
applying Lemma 5.8(e)(1) to L,, O and W (since W%, = Nw(L.), Q.. =1 and
L(OW)# G) vyields W = Nuw(L)Cw(Q). However O# Q,=Q* means
0,(QL,) #1 by Corollary 4.5 which in turn forces Cw (Q) = Nw (L,), contrary to
WL, # L, W. Hence the claim is verified.

Moreover L} = 2, (Q) is untenable, For LT = @LI(O) implies by (2.3)(xi), as
#.(Q)=N,(Q), L,,=1and Q*=Q,, that [L,,Q,]=[L,Q.]=1.If L, =
L., then, using Lemma 3.6, Q%,., = Co(LT)= Co(L,) whereas Po(L.)=1. On
the other hand, L, # L, gives, by Lemma 7.5(d) and (g), that Z(L)=L,,,
which again yields the impossible Q%..,= P,(L,). Thus L% £ P, (Q), and so
Q%on = Po(Li) = No(Ly).

We recall that [L,,Z(T)]=1 and O,(WT)=1, whence, by (2.6), W=
Nw(J(T)Cw(Z(T))= Nw(J(T))Nw(L,). Because Z(T)=T,. and Z(T)=
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Z(J(T)), we have [Z(J(T)),p} #1. Now W = W, and so, applying (2.3)(ix) to
Z(J(T))Nw(J(T)) we have that [Z(J(T)), p] < Z(J(T))Nw(J(T)). With the aid
of (2.12) it follows that [O,(L\T),[Z(J(T)),p]] =1 from which we infer that
either O, (L, T)= P, (W)or W = Nyw(L,). Evidently the former holds and so, as
P.(W)=1, we may assert that L, is star-covered.

Now No(L,) normalizes O, (WQ)N Nw(L,)= (0.(WQ)){.., and so, since
Q.. =1,

W= Nw (Lr)CW (NO(Ll))

Set L, = L,/®(L,). Then L, =L, L, as L, is star-covered. Since Q,, =1 and
Ota—f) = NQ (L]), L1 = (L])O-CEI(OU) = (L])TCI:,(QT). NOW

C(Q,), Cw{No(L2)) = (Co(Qo )imm)

implies, as W = Nu(L)Cw(No(L5)), Co(Q,)= P, (W)=1. Hence L= (L)),
and, similarly, L, = (L,),. Therefore L, =L, _ by [Theorem 5.1.4; 2]. This, by
(2.3)(xi) and (2.21)(v), contradicts the deduction L,Q# QL.

With this contradiction we have established Lemma 12.3.

LEMMA 12.4.  Suppose TL: = LT where i =2 or 3. Then L,L, = L.L..

PrOOF. We shall show that the assumption L,L; # L:L, leads to a contradic-
tion. Without loss of generality we may take i =2. We recall that [Z(T), L,] =1,
that TL,= L, T and that Y=Q, = Q* # Q.

Now, by Theorem 8.1, we see that at least one of L,Q = QL,and L,Q = QL,
must occur. We shall examine these possibilities in a moment. But first we state
two observations.

(12.1) Suppose L,;Q = QL, holds. Then
@) O (L:T)=L,_;

@ii) [O.(L,T), T]=1; and

(iii) L, is star-covered.

If (say) [O.(L.T), 0] #1 then, appealing to Lemma 5.8(c), we have one of
T, =X and O,(QL,)= Y holding. The former forces TQ = QT (see Lemma
7.8) and the latter gives Q = O,(QL,)Q* = YQ* = Q, which is not possible. So
O, (L, T)= L., and likewise O, (L:T)= L,, so giving (i). Now part (ii) follows
from (i) by (2.3)(xi) and part (iii) from (i), Theorem 4.4 and Lemma 3.3(vii).

(12.2) Suppose L,Q = QL, holds. Then
() Q= YCo(Lo);
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(i) O.(L.T)=1 and so L, is star-covered; and
{iit) L, = C(Z(T))N,(J(T)).

Part (i), since Y=Q,, L,, =1, and TL.=L,T is just a consequence of
Lemma 5.8(e). While (ii) follows immediately from (i) and (2.6) yields (iii).

Case 1. QL,=L,Q and QL,=L,Q

Since, by assumption, L,L, # L,L, we have at least one of L, = N (L;) and
L, = N(L)) with I(m,, m) ={L N(L)), L,N, (L.)}. First we consider the
possibility L, = N, (L.). Applying Lemma 5.8(e) to L., L. and Q (since
(L)toy = Ni(Li) = P1(L)) and Q,. =1) gives L, = N (L,)C.(Q). So forcing
O,(QL,)=1 to hold. Hence Q = Q, by (2.13), a contradiction.

Now we consider L, = N, (L:). Applying Lemma 5.8(b) to the triple Q, L,
and T we obtain (as L,, =1 and X = T,)

Oy TLI) = Coz(TLa(Ll)(OZ( TLI) N X)-

Employing Lemma 5.8(¢) on the same triple yields (since Q%.,,=Y) that
O,,(QLI) = Co,,(OLl)([Lh UT])(Oq(OLl) ny).

Because Q =Q,0,(QL), [L,07]#1 and Q# Q, we conclude that
Co([L:,o7]) 2 Y, and therefore O,(TL,)= X holds.

From (12.1) we have that L, is star-covered and so N, (L:)=L,, (else L,
would not be star-covered). Thus L, = L} = L, . Consequently, using (2.3)(ix),
T'=T,O(TL,)= T,X. This contradicts Lemma 7.10(g) and thus we have ruled
out case 1.

Case 2. QL,=L,Q and QL,#L,Q

First we examine the possibility L { = N (Q). Since, by Lemma 7.10, Z(T) =
N:(Q), we have Z(T) normalizing O.(L,T)NN_(Q). So O.(L,T)=
Co, w.n(Z(T)NO-(L:T)N N, (Q)) by (2.14)ii). Thus L.=L1O,(L.T)=
NL(Q)C.(Z(T)). From Lemma 7.10(f) [Z(T), Y]=1 and so the shape of
Py, q) forces L; = N, (Q).

Therefore we may assume Qf.., = No(L) holds. Observe that Q = YNo(L))
is impossible. For then Q = YN, (L) = Q,No(L,) whence, by Lemma 7.6 and
(2.3)(ix),

[Q’ P] = [NO(L1)1 p] = CQ (Ll)

So (Na([Q, D))y = Q, L1, which is not the case. In particular, this means that
L, = Ny (L;) is untenable because, since L; £ N;(Q), L, =N, (L.,) would
imply Co(L»)= No(L,) which then implies Q = YN, (L,) by (12.2)(i).
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Therefore L, = Ni,(L,) holds. By (12.2) L, is star-covered and so N (L) =
L, =L%=L, Hence N_(L;)=1as L,, = 1. Now Ni,o(L:) Z(L.Q)?.- and so
(using Corollary 5.4 and (2.14)(ii)) L.= N_(L:)C.,(No(L))). Clearly we must
have Co(L))=1.

Because L, =L,, T = T,0TL,). Thus O(TL,)Z X. So, by Lemma 7.10(c),
(Z(OATL,))), = 1. Therefore Z(OATL,))O~(TL,) admits p fixed-point-freely.
So [Z(OATL,)), O.(TL,)] =1 and thus O, (TL:)= N (L,)=1. Therefore L, is
star-covered by Theorem 4.4, Recalling that Q%,.,= No(L) and Co (L) =1 we
see, using Lemma 7.6(iii)(c), that Q = Q,. With this contradiction we have
disposed of case 2.

Case 3. QL,=L,Q and QL,#L,Q

Combining the facts Q¥,.,= Y = Q, and Q = Q,0,(QL,) with Lemma 5.8(b)
(applied to L,, Q and T) we obtain Q = Q,Co([L:, o7]). A further application
of Lemma 5.8(b), since L;, =1 and T, = X, yields

Ox(TL\) = COZ(TLI)(LI)(Oz(TLl) N X).

Since [L:,o1]#1 (otherwise LL.=L.L,) and Q# Q, we may infer that
OA(TL)= X

The possibility that L% = N;,(Q) may be eliminated as in case 2. So Q%,, =
No (Ly).

We assert that Q# Q,No (L,). For Q = Q,No(L;) when combined with (see
(2.13)) No(L>) = Co(L:)(No(L2)), gives Q = Q,Q,Co(L2)= Q,Co(L:), and so
[0, p] = Co(L:). As in case 2 this leads to the untenable Q = Q,.

Suppose, for the moment, that L, = Ny,(L,). Then, using (2.3)(viii)

L277 CO ([Ll’ T]‘) = (NG ([Ll’ T]))(ﬂ'z.q}-

Thus either [Li,7]=1 or Co([Li, 7])= No(L:). The latter would give Q =
Q,Co([L1,07])= Q.No(L,). So L,=L,. Consequently, by (23)ix), T =
T.O«TL,) = T.X, which is contrary to Lemma 7.10(g).

While L,, = N, (L) implies, as L, is star-covered by (12.1), that L, =LY =
L. This then gives T = O(TL,\)T, = XT,, again contradicting Lemma 7.10(g).
This completes case 3 and also finishes the proof of Lemma 12.4.

We introduce the following notation:
Lo=(P l P is an «-invariant Sylow p-subgroup of G of type ¥ with p # 2)

LeMMA 12.5. (i) Lo is an a-invariant soluble Hall subgroup of G of odd order.
(i) LysLo= LoL,s is an a-invariant soluble Hall subgroup of G.
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PrOOE. (i) This follows from Hypothesis 12.1 and (2.4).

(i) Let W be an a-invariant Sylow subgroup of L,. By (2.4) and (2.5) it
suffices to show that WL.; = L,; W. From Lemma 10.8(ii) Q permutes with L,..
So we may suppose W# Q. As Q# Q, = Q* we have O,(QW)#1 by (i) and
Corollary 4.5. Since, by (2.8), [Q, L.;] =1 this yields that WL,; = L,; W.

LEmMA 12.6. Suppose TL; = L,T where i =2 or 3. Then L, = L,

PROOF. We break the proof into two parts depending on whether L,Q # QL;
or L,Q = QL. Without loss of generality we take i =2.

Case 1. L,Q# OQL,

So, by Corollary 7.4, one of L% = %, (Q) and Q*%,,, = P, (L) must hold. If the
former pertains, then (>, q) = {L., N.,(Q)Q}. Since, by Lemma 7.10, Z(T) =
Nr(Q) we have Z(T) normalizing

O (L. T)N N,(Q)= (O,(L-T))*.

Thus L, = C(Z(T)N.,(O) by (2.14){(ii) and Corollary 4.5. Recall from Lemma
7.10 that {Z(T), Po(T)] =1 which, when combined with the shape of (>, q)
and the fact that Po(T)#1, forces L,= N.(Q). Hence we conclude that
Q% =Po(L:) holds. Thus Q*=Q,=%P,(L,), and so P(m,q)=
{L;No(L;), Q} by Lemma 5.1(d) and (2.21)(vi).

Now, since Q* Z Y we infer, with the aid of (2.7), that T = Oy(TL,)X. Thus,
in view of Lemma 7.10(c), we have (Z(O«TL,))), =1. Hence, by (2.11),
[[Ls, p], Z(OLATL,))] = 1. Suppose [L.,p] # 1. Then we have, using (2.3)(viii),

(N6 ([Lz, p])e.py = Z(Ox(TL)), O,.

Hence Z(O«TL,))= X and, furthermore, Z(O,(TL,)) normalizes O,(QX)N
No([L, p])(= O,(0OX)*). Therefore

0,(QX) = Coox(Z(OATL))NO,(QX) N No([L:, p])),
and so
Q = Q,0,(0X) = Q,Co (Z(OATLL)))No (IL:, p])
= Q,YNo([L:, p])
= No([Lz, p)).

But this clearly contradicts the supposition QL, # L,Q. Thus, when QL,# L,Q,
we have shown that L,=1L, .
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Case 2. L,Q=0L,

Clearly we may suppose that L,# 1. First we note that (L,T)O# G (and
hence T(L,Q)# G also). For suppose (L,T)Q = G. Then O,(L,Q)=1, for
otherwise (O,,(LQ))° would be a non-trivial proper a-invariant normal sub-
group of G. Thus Q < QL, by (2.10)(i). Since Z(T)= Nr(Q) we then have
(Z(T))° =(Z(T))°"= Ns(Q) # G, contrary to (G,{a)) satisfying Hypothesis
I11.

Now a double application of Lemma 5.8(a) to the triple T, L, and Q gives

OATL,) = Co,ai([L2, p ] OATL;) N X), and
0,(QL.) = Coo,(L)(O,(QL) N Y).

Consequently @ = Q*0,(QL;) = Q,Co(L,). Since Q# Q, and Y = Q,, we may
assert that T = O(TL,)X by (2.7). Therefore we have T = Cr([L., p])X.
Because Q# Q, and TQ# QT the only possible conclusion is [L,, p] = 1. This
completes case 2, and the proof of the lemma.

The next result is an immediate consequence of Lemma 12.6.

LemMa 12.7. Let T be of n-p type III with respect to Q. If both L, and L;
permute with T, then L,L;= L;L,.

ProoF. From Lemma 12.6 we have L,, L, = G,, and so, since G, is soluble,
the lemma follows.

LEMMA 12.8. Let U be an a-invariant Sylow u-subgroup of G of type ¥V and
n-p type IV. If TL; = L;T and QL;# L:Q where i =2 or 3, then UL.# L,U.

PrROOF. Suppose the lemma is false. So L;UU = UL. By Lemma 12.5(i), as
u#2, we have UQ = QU. Since TL; = LT, from Lemma 12.6, L; = L;,. By
(2.3)(ix) this gives [U, p]< L;U. Moreover, since U* = U, # U by Lemma 7.10,
Corollary 4.5 implies that 1 # [U, p] = O,(UQ). Considering (N5 ([U, p]))imay We
obtain O,(QU)= Po(L:). Because L, = L, we further have Q, = #o(L:), and
so Q = Q,0,(QU)= Po(L,). With this contradiction the lemma is verified.

LeEMMA 12.9. Let W be an a-invariant Sylow w-subgroup of G of type ¥ with
w#2. If WTI' = TW, then WL, = L,W and WL;= L;W.

PrOOF. Suppose that (say) WL, # L, W and argue for a contradiction. From
Lemma 12.5(1) we have WQ = QW. We first establish that

(12.3) 0.(WQ)=Nw(L,) and WZ%,,=Nw(L,) cannothold.
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Suppose O, (WQ), W¥,.,= Nw(L,) did hold. Then, by Lemmas 4.6 and 7.6
and Corollary 4.5, W= W,. Hence, employing (2.3)(ix), we have T =
O(TW)T.,. Since (TW)Q# G# T(WQ), Lemma 5.8(b) yields that

OATW) = Corw([W, X N OTW))  and
0,(QW) = Cooml([W, TI(Y N O,(QW)).

Thus T = T,XC:([W, p]) and Q = Co([W, 7])Q,. By Lemma 7.10 Q# Q, and
T#T,X and so we deduce that [W,p]N[W,7]=1. Therefore W = W,W,.
Employing (2.10)(ii)) and Lemma 6.1 yields that G possesses a normal w-
complement which, since W# 1, is contrary to Hypothesis IIT holding. This
verifies (12.3).

Now suppose that L,Q = QL. Since Q# Q, = Q*, O,(QW)#1 by Corol-
lary 4.5. Hence L% = N, (W) = 2, (W) is untenable by Lemma 5.8(f). Therefore

o = Nw(Ls)= Pw(L.). Since L, Z% (W) by Corollary 7.4 and
0,(OL) £ Q,, Lemma 5.8(c) implies that O, (WQ) = Ny (L,). From (12.3) we
infer that L.Q # QL.. In view of Lemma 10.9 this gives TL.= L,T and so, by
Lemma 12.6, L,=L.. Clearly we then have W%,,=Nw(L.) and Q%=
No(L,) = Po(L:). Also we note that 1# Q, =[No(L.),po]= Co(L,). Using
(2.14)(i) we deduce that

0.(WQ)= Cow(wo)([No (L>), P])(Ow( WQ)N Nuw(L:)).

Since 1#[No(L:),p]= Co(L:) (otherwise Q = Q, by (2.3)(v)) this gives
O.{WQ)= Nw(L). By (12.3) we have a contradiction.
The proof of Lemma 12.9 is complete.

We are now in a position to prove Theorem 12.2.

Proor oF THEOREM 12.2. Assume Hypotheses I and 12.1 hold, and argue
for a contradiction. We introduce the following notation:

Li=(W , W is a-invariant Sylow subgroup of L, with TW = WT),
Ly=(W l W is a-invariant Sylow subgroup of L, with TW# WT).
Also H will denote the subgroup of G generated by Li and those of
{Li, Ly I i, j, k € ¥} which permute with T, and K will denote the subgroup of G
generated by L, and those of {L, L ! i, j, k € ¥} which do not permute with 7.

The combined effect of (2.4), (2.5), Theorem 8.1 and Lemmas 10.8, 10.9, 12.3,
12.4, 12.5, 12.7 and 12.9 yields

(12.4) G = HK with H and K a-invariant soluble Hall subgroups of G.
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We further observe that
(12.5) Z(T)= N+(K).

If L,T# TL, for i =2 or 3, then, as Z(T)= T,, rules out L% = N, ,(T), we
have Z(T)= N;(L;) by Lemmas 7.6(iv) and 7.7(g). If LT # TL,s, then we may
also deduce that Z(T)= Ny(Ls). Appealing to Lemma 7.10 we then have (12.5).

(12.6) L;K = KL is a soluble Hall subgroup of G of odd order.

Lemma 12.5 and 12.9 and (2.4) and (2.5) imply (12.6).
We shall use H to denote the a-invariant Hall (7(L;))y-subgroup of H.

(12.7) (i) Let F be an a-invariant subgroup of G of odd order with F =z K.
Then F = Ng(Z(J(K))) where J(K) denotes the Thompson sub-
group of K; note that Z(J(K)) is a non-trivial characteristic
subgroup of K (see [1]).

(i) G = HNg(Z(J(K))).

(i) Since F=K, F=(FN H)K. Because (G,{(a)) satisfies Hypothesis III
O:(F)=1 where £ = w(K). Applying [Theorem 1; 1] we obtain Z(J(K))<F
from which (i) follows.

(it) This follows from (i) and (12.6).

We present the proof in three steps: firstly when T permutes with both L, and
L,, secondly when T permutes with only one of L, and L;, and finally when T
permutes with neither of L, and L.. In the first two cases we shall require the
following result.

(12.8) Suppose H = TL,L; where i =2 or 3. Then

(i) (OA(TL)), =1; and

(i) OA(TL)=[T,p} <= TL,L.

(i) By Lemma 12.6 L; = L;, whence, using (2.3)(ix), T = Ox(TL:)T,. Hence
OATL)Z X as T,=X Suppose (OATL)),#1. Then Z(OATL;))=X by
Lemma 7.10(c). From Lemma 5.1(a) we conclude that either Z(O(TL:))=T,.
or OTL)=X. Thus Z(OATL))=T,, whence [Z(OATL)),L]=1 by
(2.3)(xi). Because 1 # Z(OLATL))= T, Z = Z(T) N Z(OA(TL:)) # 1. Moreover,
as [Z(T),L| =1, Z = Z(TL,L:)= Z(H). Now (12.5) and (12.7){(ii) imply that
Z° is a non-trivial proper «-invariant normal subgroup of G. From this
contradiction we deduce that (O.(TL;)), =1 must hold.

(ii) Since L;=L;, we have [T,p]=Oy«TL) and so, by (2.3)(vii),
[T, p] # O«TL:) would contradict (i). Therefore [T, p] = O(TL,L:). By a well-
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known property of soluble groups O,(TL,L;)= O.(TL,L)O,(L,L;). Since
L1 = [L|,p] sL|L,’, O,-,;(TL]L,‘) = L]O:(TL,) and hence, by (1) and (22)(1),
[Li, O«TL))] = 1. Consequently O(TL,)< TL,L; and we have proved (ii).

Case 1. TL,=L,T and TL,=L,T

If both of L, and L, permute with each a-invariant Sylow subgroup of L,
then L,L,K = L.L;L,;L; is an a-invariant soluble subgroup of G of odd order.
Thus, by (12.4) and (12.7), G =(TL.)Ns(Z(J(K))). Since Z(T)= Z(TL,) and
Z(T)= N (Z(J(K))) we see that (G, (a)) cannot satisfy Hypothesis III.

So we may suppose that at least one of L, and L, does not permute with each
of the a-invariant Sylow subgroups of Lg. In view of Lemma 10.8(iv) we may
assume that L,U# UL, and L;U = UL; where U is some a-invariant Sylow
subgroup of L;. We claim that Ly=1. Suppose L;# 1. From Lemma 12.6
L,=L,, and Ly = L, Therefore U* = U, = U%,., = Pu(L,). Since L; # L;,, by
Lemma 6.1, we infer that O,(L,L:) # 1 by (2.13). Now the triple L., L; and U is
at variance with the conclusion of Lemma 5.8(f). Thus L;=1, as claimed. So
H=TLL,.

Using (12.8) we now show that Y permutes with H=L,L,TL;. For
[T,p]<TY and so (No([T, p])is,.ms241 = L:L,TY. That Y permutes with L
may be shown by using (2.26).

Now L,Q# OL, by Lemma 12.8 and, since {L., O,] =1 (by Lemma 3.6(ii)),
Z(Q)= No(L>). Since L,=L, and L;, =1, Z(Q)= Q,.. So Z(Q)= Y. Now
K = LL; admits or fixed-point-freely and so, by (2.10), has Fitting length at
most 2. From Z(Q)=< Q,, we may infer that Nx(Z(Q)) = Cx(Z(Q)). Hence

K = Nx(0)O,(K) = C(Z(Q))O,(K).

Because Q# Q, =Q* O,(K)#1 by Corollary 4.5, and so 1#Z, =
Z(O)N O,(K)= Z(K).

Therefore G =(HY)Cs(Z,). Since HY# G and Z, = Y, Z{ is a non-trivial
proper a-invariant normal subgroup of G, and with this contradiction case 1 is
eliminated.

Case 2. Only one of L, and L, permutes with T

Since the arguments are symmetric in L, and L., we will suppose that
L, T =TL, and L,T# TL;. Note that H = TL,L..

If it were the case that L, did not permute with Q, then, using (12.8) as in case
1, we obtain G = (HY)Cs(Z,) where Z, is a non-trivial a-invariant subgroup of
Y. So we may suppose L,Q = QL,, and thus L, permutes with Ly by Lemma
12.8.
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We may further suppose that L,L;# LiL,. For L,L;= L;L, would imply,
using (12.7)(1), that G = (TL.\)Ns(Z(J(K))) which, using (12.5), gives the usual
contradiction.

So the situation is as follows: L,T=TL,, LsT# TLs, L,L:# L;L, and Q
permutes with both L. and L:. We proceed to derive a contradiction from this
configuration.

Because L, = L, , by Lemma 12.6, [Q, p] € OL,. Since [Q, p] #1 and [Q, p] =
O, (OL;) we may infer that O,,(QL;)= N (L,) = ?.,(L.). Now (N (N_(L.))* =
N (L) is not possible by Lemma 4.6, and so, as L;, = N(L,), we have
N(L)=L, =L% Thus L,=0,(OL;)L}=L,,.

Clearly T, = Pr(Ls). If it were the case that L, = %, (T), then Lemma 7.7(¢)
predicts L; # L;. Hence T¥%,., = Pr(Ls). From the fact that L; = N (L,) but
L;, £ P (T) we may assert, using (2.7), that T = OTL;)?r(L). Since T =
OATL)T, and T, = P+(Ls) we have Pr(Ls)= T,(OATL:) N Pr(L3)).

We will now show that O,(TL,) N OAL;%+(L3)) = 1. Suppose that this does
not hold. Then either Z(OxTL,))=< P+(Ls) or On(L:Pr(L;))= P (T). Evi-
dently the former must hold. Because Oy(TL;)Z P, (T) (otherwise
T = T,0ATL,) = P+(L;)) we may assert that Z(OTL,))= T... As seen previ-
ously this gives I%Z(OZ(TLZ))'D Z(T)= Z(TL,Z,) which, using (12.5) and
(12.7), then yields a contradiction. Therefore O,(TL;) N Ox(L;Pr(Ls))=1.

From Oy(TL,)N OxL;?P+(L;))=1 we may conclude, since [Pr(L;),or]=
O(L;P+(L,)), that OTL,) N Pr(Ls) = T,. Hence Pr(L;) = T,T, and therefore
[#r(Ls), 6} = T,. Since 1 #[Z(T,), o7} = Cr(On(L:Pr(Ls))), O(L:Pr(Ls)) # 1.
Consequently [?r(L;), o] = 1 would force, by (2.3)(v), T = T,, which is contrary
to TL;# L:T. So Pr(L:;)= Ni(|Pr(Ls), o= X by Lemma 7.10(c). But then
T, = X which Lemma 7.8 shows to be impossible. This is the desired contradic-
tion, and so case 2 is finished.

Case 3. TLz # LzT and TL3 7£ L3T

By (12.7) G = (TL,)Ns(Z(J(K))) and so, by (12.5), Z(T) is a non-trivial
proper a-invariant normal subgroup of G, against (G, {(a)) satisfying Hypothesis
I11.

The proof of Theorem 12.2 is complete.

13. «a-Invariant Sylow subgroups of n-p type 1, II, III and IV

In this section we shall be working under the following hypothesis.
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HyroTHEsIs 13.1. G possesses a-invariant Sylow subgroups of n-p types I,
I1, TII and TV.

As in the two preceding sections our aim is to demonstrate the following
theorem, which, in contrast to the first two cases, is proved by purely local
considerations.

THEOREM 13.2. Hypotheses 13.1 and III are incompatible.

PrROOF. Suppose (G, {(a)) satisfies Hypotheses 13.1 and IIL

By Hypothesis 13.1 there exists some a-invariant Sylow g-subgroup Q of G
of type ¥ with respect to which T is of n-p type III. We may assume that
T, = P+(0Q) and Q,, O, = P,(T), and consequently, by Lemma 7.10, P,(T) =
Q,=0*#Q and Z(T)= Z(T),.. Also, let P denote an a-invariant Sylow
p-subgroup of G which is of n-p type I. By Lemma 10.5 P# Q.

Suppose p#2. Let U be an a-invariant Sylow u-subgroup of G of type ¥
with respect to which P is of n-p type 1. Note that Q# U# T by Lemma 10.2. If
PQ# OP, then, since 2 € {p, q}, P is either of n-p type I or II with respect to Q.
Lemmas 10.2 and 10.5 show that neither possibility can occur, and therefore
PQ = QP. But then Lemma 10.4 applied to P, Q and U predicts that p =2,
which is not the case. Hence p =2.

Thus we may suppose that T is the only «-invariant Sylow subgroup of G of
n-p type 1. So T is of n-p type I with respect to the a-invariant Sylow
u-subgroup U (say). So T* = N (U). Since u# 2 # q neither U nor Q can be of
n-p type 1 or III and thus UQ = QU. Now we consider Pou (T, ). Note that
T,Pou(T,) # G since T, = Np(U)# T. So Pou(T,) = Po(T.)Pu(T.) by (2.26).
Clearly Q, = Po(T,) and also, since T, = Ny(U), #u(T,)= U. So U normal-
izes O,(QU)N P,(T,) = (0,(QU)),. Whence, by (2.14)(i),

0,(QU) = Coouf([U, N Os(QU) N Po (T.)).

By Lemma 7.8 [U, 0] # 1 and so either T, = ?:(Q) or Co([U, o ]) = Po(T). The
former is untenable by Lemma 7.8 and so Co([U, o])= Po(T). Moreover
T, Z Pr(Q) implies Po(T,)= Po(T) and so O,(QU) = Po(T). But then, using
Corollary 4.5,

0 = 0,(QU)Q* = 2,(1)Q, = 0O,

whereas Q# Q,.
With this contradiction we have established Theorem 13.2.

Combining Theorems 11.2, 12.2 and 13.2 gives Theorem 10.1.
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